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Abstract. We introduce slant Riemannian maps from Riemannian manifolds 
to almost Hermitian manifolds as a generalization of slant immersions, invariant 
Riemannian maps and anti-invariant Riemannian maps. We give examples, obtain 
characterizations and investigate the harmonicity of such maps. We also obtain nec- 
essary and sufficient conditions for slant Riemannian maps to be totally geodesic. 
Moreover we relate the notion of slant Riemannian maps to the notion of pseudo 
horizontally weakly conformal maps which are useful for proving various complex- 
analytic properties of stable harmonic maps from complex projective space. 
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1. Introduction 

Smooth maps between Riemannian manifolds are useful for comparing ge- 
ometric structures between two manifolds. Isometric immersions (Rieman- 
nian submanifolds) are basic such maps between Riemannian manifolds and 
they are characterized by their Riemannian metrics and Jacobian matrices. 
More precisely, a smooth map F : (M\,gi) — > (M2,<?2) between Rieman- 
nian manifolds (Mi, 51) and (M2,<?2) is called an isometric immersion if 
is injective and 

g 2 (F*X,F*Y) = gi (X,Y) (1.1) 
for X, Y vector fields tangent to Mi, here F* denotes the derivative map. 



1 



Slant Riemannian maps 



2 



Let M be a Kahler manifold with complex structure J and M a Rie- 
mannian manifold isometrically immersed in M. We note that many types 
of submanifolds can be defined depending on the behaviour of the tangent 
bundle of the submanifold under the action of the complex structure of the 
ambient manifold. A submanifold M is called holomorphic (complex) if 
J(T p M) C T p M, for every p £ M, where T p M denotes the tangent space 
to M at the point p. M is called totally real if J(T p M) C TpM 1 - for every 
p £ M, where T p M denotes the normal space to M at the point p. As a 
generalization of holomorphic and totally real submanifolds, slant submani- 
folds were introduced by Chen in [TJ. We recall that the submanifold M is 
called slant if for all non-zero vector X tangent to M the angle 0{X) between 
JX and T p M is a constant, i.e, it does not depend on the choice of p £ M 
and X £ T p M. 

On the other hand, Riemannian submersions between Riemannian mani- 
folds were studied by O'Neill [19] and Gray [13]. Later such submersions were 
considered between manifolds with differentiable structures. As an analogue 
of holomorphic submanifolds, Watson defined almost Hermitian submersions 
between almost Hermitian manifolds and he showed that the base manifold 
and each fiber have the same kind of structure as the total space, in most 
cases [22J. We note that almost Hermitian submersions have been extended 
to the almost contact manifolds [9], locally conformal Kahler manifolds[17j 
and quaternion Kahler manifolds [14J (see:[10j for details cocerning Rieman- 
nian submersions between Riemannian manifolds equipped with additional 
structures of complex, contact, locally conformal or quaternion Kahler). 

In 1992, Fischer introduced Riemannian maps between Riemannian man- 
ifolds in [11] as a generalization of the notions of isometric immersions and 
Riemannian submersions. Let F : (M\,g\) — > (M2,g2) be a smooth map 
between Riemannian manifolds such that < rankF < min{m,n}, where 
dimMi = m and dimMi = n. Then we denote the kernel space of F* by 
kerF* and consider the orthogonal complementary space H = (kerF*) 1 - to 
kerF*. Then the tangent bundle of M\ has the following decomposition 

TM\ = kerF* U. 

We denote the range of by rangeF* and consider the orthogonal com- 
plementary space (rangeF*) 1 - to rangeF* in the tangent bundle TM2 of Mi- 
Since rankF < min{m,n}, we always have (rangeF*) 1 - . Thus the tangent 
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bundle TM2 of M2 has the following decomposition 

TM2 = (rangeF*) © (rangeF*)^ . 

Now, a smooth map F : (M™,gi) — > {M^ ,52) is called a Riemannian map 
at pi € M if the horizontal restriction F* pi : {kerF^) 1 - — > (rangeF* Pl ) is a 
linear isometry between the inner product spaces ((kerF^)- 1 , gi(pi) \(kerF, P1 ) 1 - 
) and (rangeF* Pl ,g 2 (p2) \(rangeF* Pl )), V2 = F(p 1 ). Therefore Fischer stated 
in that a Riemannian map is a map which is as isometric as it can be. In 
another words, F* satisfies the equation for X, Y vector fields tangent 
to T~L. It follows that isometric immersions and Riemannian submersions are 
particular Riemannian maps with kerF* = {0} and (rangeF*) 1 - = {0}. It is 
known that a Riemannian map is a subimmersion [11]. It is also important 
to note that Riemannian maps satisfy the eikonal equation which is a bridge 
between geometric optics and physical optics. For Riemannian maps and 
their applications in spacetime geometry see: |12j . 

In [20] . we introduced invariant and anti-invariant Riemannian maps as 
a generalization of holomorphic submanifolds and totally real submanifolds 
of almost Hermitian manifolds. We gave examples of such maps and ob- 
tained fundamental properties of invariant and anti-invariant Riemannian 
maps. As a generalization of invariant and anti-invariant Riemannian maps, 
semi-invariant Riemannian maps from Riemannian manifolds to almost Her- 
mitian manifolds were defined and the geometry of such maps was studied 
in [Sp- 
in this paper, we introduce slant Riemannian maps from Riemannian 
manifolds to almost Hermitian manifolds. We show that slant Riemannian 
maps include slant immersions (therefore holomorphic immersions and to- 
tally real immersions), invariant Riemannian maps and anti- invariant Rie- 
mannian maps. We also obtain an example which is not included in immer- 
sions, or invariant Riemannian maps or anti-invariant Riemannian maps. We 
investigate the harmonicity of slant Riemannian maps and obtain necessary 
and sufficient conditions for such maps to be totally geodesic. We also show 
that every slant Riemannian map is a pseudo horizontally weakly conformal 
map, then we obtain necessary and sufficient conditions for slant Rieman- 
nian maps to be a pseudo homothetic map. We note that the notion of 
pseudo horizontally weakly conformal maps were introduced in [5] to study 
the stability of harmonic maps into irreducible Hermitian symmetric spaces 
of compact type, later such maps have been studied in [2], [3] and [16] . 
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2. Preliminaries 

In this section, we recall basic facts about Riemannian maps and almost Her- 
mitian manifolds. Let (M,g M ) and (N,g N ) be Riemannian manifolds and 
suppose that F : M — > N is a smooth map between them. Then the differ- 
ential F* of F can be viewed section of the bundle Hom(TM, F^TN) — 
M, where F~ 1 TN is the pullback bundle which has fibres (F~ 1 TN) p = 
Tp( p }N,p 6 M. Hom(TM, F~ 1 TN) has a connection V induced from the 
Levi-Civita connection V M and the pullback connection. Then the second 
fundamental form of F is given by 

(VF*)(X,Y) = V£*i(Y) - F,(Vf Y) (2.1) 

for X, Y E r(TM), where is the pullback connection. It is known that 
the second fundamental form is symmetric. Let F : (M,g M ) — > (N,g N ) 
be a smooth map between Riemannian manifolds and assume that M is 
compact, then its energy is 

E{F)= [ e{F)v g = \ f \dF\ 2 v g . 

The critical points of E are called harmonic maps. Standard arguments yield 
the associated Euler-Lagrange equation, the vanishing of the tension field: 
t{F) = trace{VF*) @]. 

Prom now on, for simplicity, we denote by V 2 both the Levi-Civita con- 
nection of (M2, 52) an d its pullback along F. Then according to [18], for any 
vector field X on M\ and any section V of (rangeF*) 1 - , where (rangeF*) 1 - is 
the subbundle of F~ 1 (TM2) with fiber (F^^pM)) 1 - -orthogonal complement 
of F*(T p M) for 52 over p, we have V^- V which is the orthogonal projection 
of V 2 X V on (Ft(TM)) 1 . In [18], the author also showed that V is a linear 
connection on (F^fTM)) 1 such that V F± #2 = 0. We now define Sy as 

K* X V = S V F*X + V F X X V, (2.2) 

where S V F*X is the tangential component (a vector field along F) of V 2 V. 
It is easy to see that SyF^X is bilinear in V and F*X and SyF*X at p 
depends only on V p and F* p X p . By direct computations, we obtain 

g 2 (S v F*X,F*Y) = g 2 (V,(VF*)(X,Y)), (2.3) 

for X, Y € r((/cerF*)- L ) and V € T((rangeF*) ). Since (VF*) is symmetric, 
it follows that 5^ is a symmetric linear transformation of rangeF*. 
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A 2/c-dimensional Riemannian manifold (M, g, J) is called an almost Her- 
mitian manifold if there exists a tensor filed J of type (1,1) on M such that 
J 2 = —I and 



where I denotes the identity transformation of T p M. Consider an almost 
Hermitian manifold (M, J, g) and denote by V the Levi-Civita connection 
on M with respect to g, then M is called a Kahler manifold |23j if J is 
parallel with respect to V, i.e, 



for X,Y € Y{TM). 

3. Slant Riemannian maps 

In this section, we define slant Riemannian maps from a Riemannian mani- 
fold to an almost Hermitian manifold. We give examples, obtain character- 
izations and investigate the harmonicity of a slant Riemannian map. Then 
we give necessary and sufficient conditions for a slant Riemannian map to 
be totally geodesic. 

Definition 3.1. Let F be a Riemannian map from a Riemannian mani- 
fold (Mi , gi) to an almost Hermitian manifold (M2 ,g2,J)- If for any non- 
zero vector X € TikerF*) 1 - , the angle 0{X) between JF*(X) and the space 
rangeF* is a constant, i.e. it is independent of the choice of the point p € M\ 
and choice of the tangent vector F*(X) in rangeF*, then we say that F is a 
slant Riemannian map. In this case, the angle 6 is called the slant angle of 
the slant Riemannian map. 

Since F is a subimmersion, it follows that the rank of F is constant on 
Mi, then the rank theorem for functions implies that kerF* is an integrable 
subbundle of TM\, ([1], page:205). 

We first give some examples of slant Riemannian maps. 



g(X, Y) = g(JX, JY),VX, Y G T(TM) 



(2.4) 



(V x J)Y = 



(2.5) 



Example 1. Every 0— slant immersion from a Riemannian manifold to an 
almost Hermitian manifold is a slant Riemannian map with kerF* = {0}. 
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Example 2. Every invariant Riemannian map from a Riemannian manifold 
to an almost Hermitian manifold is a slant Riemannian map with 9 = 0. 

Example 3. Every anti-invariant Riemannian map from a Riemannian man- 
ifold to an almost Hermitian manifold is a slant Riemannian map with = 5. 

A slant Riemannian map is said to be proper if it is not an immersion 
and 8^0,^. Here is an example of proper slant Riemannian maps. 

Example 4. Consider the following Riemannian map given by 

F : R 4 — > R 4 

(x u x 2 ,x 3 ,x 4 ) On, *2+&, *2+&,0). 

Then rankF = 2 and for any < a < ^ , -F is a slant Riemannian map with 
slant angle cos _1 (y|). 

We also have the following result which is based on the fact that the 
composition of a Riemannian submersion F\ from a Riemannian manifold 
(Mi,<7i) onto a Riemannian manifold (M 2 ,g 2 ) and an isometric immersion 
F2 from (M 2 ,g 2 ) to a Riemannian manifold (-^3,(73) is a Riemannian map. 

Proposition 3.1. Let F\ be a Riemannian submersion from a Riemannian 
manifold (Ml, g\) onto a Riemannian manifold (M 2 , g 2 , J) o,nd F 2 a slant 
immersion from (M 2 , g 2 , J) to an almost Hermitian manifold (M3, #3, J). 
Then F 2 o F\ is a slant Riemannian map. 

Let F be a Riemannian map from a Riemannian manifold (Mi, <?i) to 
an almost Hermitian manifold (M 2 , g 2 , J). Then for F*(X) G T^rangeF*), 
X G T((kerF^ ± ), we write 

JF*(X) = <j)F*{X)+ujF*(X), (3.1) 

where <j)F*(X) G T{rangeF*) and G T({rangeF*)+). Also for V G 

T((rangeF*) ), we have 

jy = £y + CV, (3.2) 

where G T(rangeF*) and G T((rangeF* ) ). We now recall from [20] 
that the second fundamental form (Vi ? H< )(X, K), VX, Y G r((fceri ? ! „)- L ), of a 
Riemannian map has no components in rangeF*, i.e. 

(VF*)(X,Y) G T{{rangeF^). (3.3) 
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Let F be a Riemannian map from a Riemannian manifold {M\,g\) to a 
Kahler manifold (M 2 ,g 2 , J), then from ([53]) . (1331) . ([53]) and we obtain 

(Vxw)F.(y) = c(vf*)(x,f) - (VF*)pr,r') (3.4) 

and 

^*(V^') - 0F*(V^y) = B(VF,)(X,Y) + S wF4Y) F*(X) (3.5) 

for X,Y e T((A:erF,) ± ), where (V x «)F,(y) = F*(Y) -uF^V^Y), V 1 
is the Levi-Civita connection of Mi and <^F*(Y) = F»(Y'), Y' G r((/cerF„)- L ). 

Let F be a slant Riemannian map from a Riemannian manifold (Ml, g\) 
to an almost Hermitian manifold (M2, 52 ; then we say that w is parallel if 
(V x w)F„(y) = 0. We also say that <f> is parallel if F^V^Y^-cpF^V^Y) = 
for X,Y e r((/cerF*) ± ) such that <j>F*(Y) = F*(Y'), Y' G T{{kerF*) r ). 

The proof of the following result is exactly same with slant immersions 
(see [8] or [6] for Sasakian case), therefore we omit its proof. 

Theorem 3.1. Let F be a Riemannian map from a Riemannian manifold 
(M\,gi) to an almost Hermitian manifold (M 2 , g 2 , J). Then F is a slant 
Riemannian map if and only if there exists a constant A G [—1,0] such that 

<f> 2 F*(X) = \F*(X) 

for X G F^kerF*)-*-). If F is a slant Riemannian map, then A = — cos 2 6. 

By using above theorem, it is easy to see that 

g 2 ((f>F,{X),cj>F4Y)) = cos 2 e gi (X,Y) (3-6) 
g 2 (u,F*(X),cjF*(Y)) = sin 2 6 gi (X,Y) (3.7) 

for any 1,7 6 F((rangeF* ) ). 

We now recall the notion of adjoint map which will be useful for the re- 
sults obtained in this section (for more details see [32])- Let F : (Mi, g\) — > 
(M 2 ,g 2 ) be a Riemannian map between Riemannian manifolds (Mi, gx) and 
(M 2 ,g 2 ). Then the adjoint map *F* of F* is characterized by gi(x, *F* pi y) = 
92{F* Pl x,y) for x G T Pl Mi, y G T F r pi \M 2 and p\ G M\. Considering F+ at 
each pi G Mi linear transformation 

F* P1 ■ ((^e^*) ± (Pl)>5lp 1 ((fcerF*)- L (pi))) ->• ( ran ge F *(P2),92 P2 (rangeF,)(p 2 ))), 
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we will denote the adjoint of F* by *F * Pl . Let *F* P1 be the adjoint of 
F*P! '■ (T Pl Mi, gi ) — > (Tp 2 M 2 ,32 P2 )- Then the linear transformation 

C f *pi) H '■ rangeF*(p 2 ) — > {kerF^) L (p 1 ) 

defined by {*F* Pl ) h y = *F* Pl y, where y € T{rangeF* Pl ),p2 = F(p\), is an 
isomorphism and (i^J -1 = (* F * P i) h = *( F * P1 )- 

Let {ei, .., e n } be an orthonormal basis of (kerF*)- 1 . Then {F*(ei), F* (e n )} 
is an orthonormal basis of rangeF*. By using (13. 6ft we can easily conclude 
that 

{F* (ei ) , sec 9<t>F* (ei) , F* (eg) , sec #</>e 2 , . . . , e p , sec #</>e p } 

is an orthonormal frame for T(rangeF*), where 2p = n = rankF*. Then we 
have the following result. 

Lemma 3.1. Let F be a slant Riemannian map from a Riemannian manifold 
(M\,gi) to an almost Hermitian manifold (M 2 , gi-, J) with rankF* = n. Let 

n 

{ei,e 2 , -,e p },p = - 

be a set of orthonormal vector fields in (kerF*) . Then 

{e\,sec9*F* 4>F* (ei ) , e 2 , sec 9* F* 0F* (e 2 ),..., e p , sec 0*F* ^F* (e p ) } 
is a Zoca/ orthonormal basis of (kerF^)^. 
Proof. First by direct computation we have 

SI (e^ sec 0*F*0F*(ei)) = sec 0# 2 (F*(ej), 0F*(ei)) = sec0# 2 (F*(ej), JF*(ej)) = 0. 

In a similar way, we have 

g 1 (e i ,sec9*F 3f <j)F*(ej)) = 0. 

Since for a Riemannian map, we have *F* o F* = J (Identity map), by using 
(|3.6|) . we get 

gi(sec 9* F*(f)F*(ei), sec 9* F*4>F*(ej)) = sec 2 9 cos 2 9g\(ei, ej) = 5ij, 
which gives the assertion. 
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We now denote *F Jf (pF^ by Q, then we have the following characteriza- 
tion of slant Riemannian maps. 

Corollary 3.1. Let F be a Riemannian map from a Riemannian manifold 
(Mi,<7i) to an almost Hermitian manifold (M2, g2, J)- Then F is a slant 
Riemannian map if and only if there exists a constant [i G [—1,0] such that 

Q 2 X = fj,X 

for X € F^kerF*)- 1 -). If F is a slant Riemannian map, then \i = — cos 2 6. 

Proof. By direct computation we have 

Q 2 X = *F*(t> 2 F*(X). 
Then proof comes from Theorem 3.1. 

In the sequel we are going to show that the notion oj is useful to inves- 
tigate the harmonicity of slant Riemannian map. To see this, we need the 
following Lemma. 

Lemma 3.2. Let F be a slant Riemannian map from a Riemannian manifold 
(Mi,gi) to a Kahler manifold (M2, g2, J)- If w is parallel then we have 

(VF*)(QX,QY) = - cos 2 0(VF*)(X,Y) (3.8) 

for X,Y G T((A;erF,) ± ). 

Proof. If oj is parallel, then from (|3.4p we have 

C(VF*)(X,Y) = (VF*)(X,QY). 

Interchanging the role of X and Y and taking into account that the second 
fundamental form is symmetric, we obtain 

(yF.)(QX,Y) = (VF*){X,QY). 

Hence we get 

(VF,){QX,QY) = (VF*)(X,Q 2 Y). 
Then corollary 3.1 implies (|3.8|) . 
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Theorem 3.2. Let F be a slant Riemannian map from a Riemannian man- 
ifold (M™ 1 ,gi) to a Kahler manifold (M™ 2 ,g 2 , J). If ui is parallel then F is 
harmonic if and only if the distribution (kerF*) is minimal. 

Proof. We choose an orthonormal basis of TM\ as 

{vi, iv, ex, sec 6Qe\, e 2 , sec 0Qe2, e s , sec 9Qe s }, r + 2s = mi 

where {vi, v r } is an orthonormal basis of kerF* and {e\, sec 6Qe\, e 2 , sec 9Qe 2 ,..., 
e s ,sec9Qe s } is an orthonormal basis of (kerF*)- 1 . Since the second funda- 
mental form is linear in every slot, we have 

r s 

t = ^(yF*)(v it Vi) + ^(VF*)(e j ,e j ) + (VF*)(sec OQe^sec OQej). 

i=l j=l 

Then from (|3.8|) we obtain 

r r 

T = Y,(VF*)( Vi ,Vi) = -J2F*(Vv i v i ) 

8=1 1=1 

which proves the assertion. 

In the rest of this section, we investigate necessary and sufficient condi- 
tions for a slant Riemannian map to be totally geodesic. We recall that a 
differentiable map F between Riemannian manifolds (Mi, g\) and {M 2 ,g 2 ) 
is called a totally geodesic map if (VF*)(X, Y) = for all X,Y e T(TMi). 

Theorem 3.3. Let F be a slant Riemannian map from a Riemannian mani- 
fold (M™ 1 ,gi) to a Kahler manifold (M™ 2 ,g2, J). Then F is totally geodesic 
if and only if 

(i) the fibres are totally geodesic, 

(ii) the horizontal distribution (kerF*) 1 - is totally godesic, 

(iii) For X,Y £ Y((kerF*)^-) and V £ T^rangeF^)^) we have 
92{S uFm( Y)F^X),BV) = g 2 {V x ^F*(Y) : CV)-g 2 (V F x L u<t>F*{Y),V). 

Proof. For X, Y £ r((/cerF*)- L ) and V £ T^rangeF^), we have 
g 2 ( ( VF* ) (X, Y ) , V ) = g 2 ( v£ F* (Y ) , V ) . 
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Then using (pUl) and ([32]) we obtain 

52 ((VF*)(X,Y),U) = - ff2 (V^J^(y),F)+ ff2 (V^a;F ) ,(F),jy). 

Using again (|3.1j) . (|3.2p . (I2.2p and Theorem 3.1, we get 

g 2 ((VF*)(X,Y),V) = cos 2 9g 2 (\/^F if (Y),V)-g 2 (V^ ± u J( t > F if (Y),V) 

-g2(S uFm0O F m (X),BV) 

+g 2 (V F x X uF*(Y),CV) (3.9) 
For X,Y G r((/cerF„)- L ) and W G r(/cerF*), from fllTE]) we derive 

52 ((VF,)(x,w),F,(y)) = 5l (v^y,w). (3.io) 

In a similar way, for U G r^fceri 71 *), we obtain 

g 2 ((VF*)(U,W),F*(Y)) = - gi (V\jW,Y). (3.11) 
Then proof follows from (J33D, d3T9j), (IBTTUD and (IXTTJ) . 

4. Slant Riemannian maps and PHWC maps 

In this section, we are going to show that every slant Riemannian map is a 
pseudo horizontally weakly conformal (PHWC) map, then we investigate the 
conditions for slant Riemannian maps to be pseudo horizontally homothetic 
map. First, we recall main definitions for PHWC maps. Let F be a map 
from a Riemannian manifold (Mi, gi) to a Kahler manifold (M 2 ,g 2 , J), where 
gi and g 2 are Riemannian metrics on M\ and M 2 , and J is the complex 
structure on M 2 . For any point p G Mi, we denote the adjoint map of the 
tangent map F* p : T p M\ — > T F ^M 2 by *F* p : T F ^M 2 — > T p Mi. If 
rangeF^p is J— invariant, then we can define an almost complex structure 
J p on the horizontal space (kerF^p) 1 - by 

Jp = F *p ° Jf{ p ) ° F*p- 

If the spaces rangeF^p are J— invariant for all p, then the almost complex 
structure on (kerF*) 1 - is defined by 

J = F- 1 o J o F*. 

The map F is called pseudo-horizontally weakly conformal (PHWC) at p 
if and only if rangeF^p is J-invariant and g\ \n-erFvp) 1 - i s Jp~ Hermitian. 
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The map F is called pseudo-horizontally weakly conformal if and only if 
it is pseudo-horizontally weakly conformal at any point of p. A pseudo- 
horizontally weakly conformal map F from a Riemannian manifold (Ml, g\) 
to a Kahler manifold (M2, g<i, J) is called pseudo-horizontally homothetic 
if and only if J is parallel in horizontal directions, i.e., V^J = for X G 
T{(kerF*) L ) (for more details see [2], [3]). 

Proposition 4.1. Let F be a slant Riemannian map from a Riemannian 
manifold (Mi,gi) to an almost Hermitian manifold (M2, 92, J)- Then F is 
PHWC map. 

Proof. We first note that J = sec 6 <f> is a complex structure on [rangeF*) 
and rangeF* is invariant with respect to J. Then we define J = sec 9 Q = 
sec 9*F*(f>F*, it is easy to see that J is a complex structure on (kerF*)^-. 
Thus ((kerF*)-*- , J) is an almost complex distribution. We now consider 
9 = 9i l(fcerF») x ' then by direct computation we obtain 

g(JX, JY) = g(X,Y) 

for X, Y G r^/cerF*)- 1 ). Thus <? is J— Hermitian and ((kerF*)- 1 , g, J) is 
almost Hermitian distribution. Therefore F is PHWC map. 

From (|3.4p and (]2.ip we have the following. 

Lemma 4.1. Let F be a slant Riemannian map from a Riemannian manifold 
(Mi, gi) to a Kahler manifold (M2,g2, J)- Then <p is parallel if and only if 

(VF,)(X,QY) = V F X 4>F,{Y) - (PF^Y) 

for X,Y G T((A;erF*) ± ). 

We now give necessary and sufficient conditions for a slant Riemannian 
map to be pseudo horizontally homothetic map. 

Theorem 4.1. Let F be a slant Riemannian map from a Riemannian mani- 
fold (Ml, gi) to a Kahler manifold (M2, 52, J)- Then F is pseudo horizontally 
homothetic map if and only if <p is parallel and 

(VF m )(X,U) = 

for X G r((A;erF*)- L ) and U G T(kerF^). 
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Proof. By direct computations we have 

(V X J)Y = sec 6 V X QY - QV X Y. 

Hence we obtain 

F.(V X J)Y = sec 6(F,(V X QY) - <j>F*(V x Y)). 
Then using (|2.ip we get 

F*(Vx J)Y = sec 9 (-(VF*)(X, QY) + Vf <f>F*(Y) - <f>F*(V x Y)). (4.1) 
On the other hand, since QY and U £ r^eri 7 *) are orthogonal, we have 

gi ((V x J)Y,U) =sec 6gi(QY,V x U)- 
Then adjoint map *F* and ()2. 1 j) imply 

5i((V^ J)y, U) = sec 6 g2{<t>F*{Y), (VF*)(X, [/)). (4.2) 
Then proof comes from (|4.ip and (|4.2p . 

Remark 4.1. A harmonic map which is pseudo horizontally weakly is called 
a pseudo harmonic morphism. Pseudo harmonic morphisms were defined in 
[15j by Loubeau. He also obtained that a smooth map F from a Riemannian 
manifold M to a Kahler manifold iV is a pseudo-harmonic morphism if and 
only if F pulls back local pluriharmonic functions on TV to local harmonic 
functions on M . In this paper, we show that any slant Riemannian map is a 
pseudo horizontally weakly conformal map (Proposition 4.1). Also Theorem 
3.2 of the present paper shows that it is possible to obtain harmonic slant 
Riemannian maps under some geometric conditions. Thus slant Riemannian 
maps are good candidates for pseudo harmonic morphisms. 

Acknowledgment. This paper is supported by The Scientific and Techno- 
logical Council of Turkey (TUBITAK) with number (TBAG-109T125). 
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